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Question 1 Let A ∈ Rn×n be a symmetric, positive semidefinite matrix. Let λ be an eigenvalue of A and let v be a

corresponding eigenvector, with ||v||2 ≤ 1. Prove that (A− λvvT ) is positive semidefinite.

Question 2 Let A,B ∈ Rn×n be symmetric matrices. Let λ1, . . . , λn ∈ R be the eigenvalues of A and let x1, . . . , xn

be corresponding eigenvectors. Let σ1 < . . . < σn ∈ R be the eigenvalues of B and let y1, . . . , yn be corresponding

eigenvectors, with ||yi||2 = 1 for all i. Let Y ∈ Rn×n be a matrix whose columns are the above eigenvectors of B, i.e.

Y = [y1| · · · |yn]. Then, give an expression for the eigenvalues and eigenvectors of the matrix (3Y TAY ).

Question 3 Let f : Rn → R be a C2-smooth function over Rn, and let α > 0 be some positive constant. Prove that if

(∇2f(z)− αI) is positive semidefinite for all z ∈ Rn, then:

a) (∇f(y)−∇f(x))T (y − x) ≥ α||y − x||22 for all x, y ∈ Rn.

b) f is strictly convex over Rn.
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