Math 115 Spring 2015: Quiz 2

Solutions

1. [5 marks| Let i, @, @3 € R™. Prove that if {@,us} is linearly dependent, then {i;,ds, @3} is also linearly

dependent.

Solution: Since {#, 05} is linearly dependent, there exist s,¢ € R not both zero such that sty + t0s = 0.

Therefore, we can write st +tto 4003 = 0, where either s or ¢ is nonzero. So {7, U, U3} is linearly dependent.

. Let T = span{t}, Uy, U3, U4 }, where

(a) [5 marks] Prove that v, € span{vy, U2, U3}.

-3 )
) 172 = _5 ) 64 - 3
4 —4

(b) [5 marks] Prove that {¥7, U2, U3} is linearly dependent.

(¢) [5 marks] Find a basis of T. Prove that the vectors in the basis are linearly independent.

Solution:

(a) Solve the system Uy = rtv + stz + tis.

S5=r—s—3t s=r—3t—-5 §=24+2t—-3t—5 s=—-t—-3
3=3r+s5—-—5 — ¢ 3=3r+r—3t—-5-5t — 4§ 4r—8t=8 —<¢ 0=0
—4=—-2r+4t r=2+4+2t r=2+42t r=242t
Thus, for any value of ¢, letting s = —t — 3 and r = 2t + 2 solves the system. For example, we can set ¢t = 1,
and obtain that ¥y = 40 — 4U3 + ¥s.
Alternatively, one could directly notice that ¢4 = 2¢, — 3vs.
(b) Solve the system @y + st + t7 = 0.
r—s—3t=0 s=r—23t s=2t—3t §s=—1
3r+s—5t=0 —<¢ 3r+r—3t—-5t=0 —<{ 4—-8=0 — ¢ 0=0
—2r+4t=0 r =2 r=2t r=2t
Thus, for any value of ¢, letting s = —t and r = 2t solves the system. For example, we can set ¢ = 1, and

obtain that 20, — @3 + ¥ = 0.

Alternatively, one could directly notice that ¥y

—2U1 + U3

(c) We know from the above that v € span{7;, v5}. We now check whether {7}, ¥/3} is linearly independent.

We solve st + tv3 = 0.

r—s=20
Jr+s=0 —
—2r=20

s=r
s=—3r
r=20



The only solution is s = r = 0, so {¥, 03} is linearly independent. The set {7}, U3} is thus a basis of T.

Note: Only one basis of T is asked, but all the following are bases of T: {¥, 03}, {01,702}, {01, U4}, {¥5, U2},

{Us, U4}, {U2,V4}. There are also many other possibilities, like for example
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