Math 115 Spring 2015: Quiz 4

Solutions
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. [Pmarks]LetC=1]2 0 |,D=]0 1 |andg=| 1 |. Compute CDTy.
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Solution: There are two valid ways of doing this. Either

1 2 Lo 1 1 2 31 [1
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. [5 marks] Find a matrix A € R3*3 such that A- | 2o | = | x5 |, for all ¥ € R3.
I3 L T1
Solution: The vector equation
aip Qa2 as T T3
a21 a2 a23 T2 = X9
a3z; as2 ass x3 X1

corresponds to three scalar equations

(1171 + Q12T2 + A133 = T3
2121 + Q22%2 + A23T3 = X2

3121 + a32x2 + a33r3 = 1.

We identify the coeflicients in both sides of the equations to find that a13 = ass = a3z1 = 1, and all others are

zero. Therefore,

0 01
A=]101 0
1 00

. [5 marks] Given a vector ¥ € R?, find a matrix A € R?*? such that A - ¥ = perp; 7, for all x € R?>. Note 1:

The matrix must be the same for all Z, but ¥ is constant, so v; and ve may appear in A. Note 2: Recall

v-T =
=1
9112

that perp; @ = & —



Solution: In the vector equation
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We identify the coefficients and obtain

a1 =1 — v% _ vf-l—vg—vf _ vg
1 vi 3 vi o3 Vi3
— V1v2
1o = —
12 of o3
V1V
021 = org
o ] vh _vindoel
2 vi+o3 vi o3 vitu3
The matrix we are looking for is thus
Ug __V1v2
A | VI Tl
__V1v2 V1
vt} v +03

. [ marks] Prove that if B € R™*" then (BBT);; > 0 for alli = 1,2,...,m. Hints: Use the definitions of
the product and transpose of matrices to write the value of (BBT);; in terms of elements of B. Then, remark
that for any A € R, A\? > 0.

Solution: By the definition of matrix product,
(BBT)ij = (B)un(B )1j + (B)i2( BT )2 + (B)is(B" )3j + -+ + (B)ip(BT ;.
In particular, we are interested in elements B;; of B such that j = i. Their value is
(BBT)ii = (B)nn(B" )1 + (B)i2(B")2i + (B)is(BT)si + -+ + (B)ip(BT)pi-
Then, by the definition of the transpose,

(BB)i = (B)i(B)i1 + (B)ia(B)ir + (B)is(B)is + -+ + (B)ip(B)ip
= Bh+B)h+B)s+-+ (B)?p.



Since (B)3,, (B)%, (B)is, - -, (B)}, are squared scalars, they are all nonnegative (i.e. greater than or equal to

zero). Therefore, (B)% + (B)2, + (B)4 +--- + (B)?, > 0, so (BBT);; > 0.
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