Math 115 Spring 2015: Quiz 5

Solutions

1 3 2 -1

1. [4 marks] Let E = . For a given vector ¥ € R?, we compute § = EZ. Then

1andF:

we compute 7 = F'y. Find a single matrix G € R2*2 such that 7 = GZ.

Solution: We know that Z= Fy = F(EZ) = FEZ, so G = FE:

2 < 1 3] [o7
Tl '[2 —1]_[3 21'
2. Let
102 0
A=|11 4 0
102 1

(a) [4 marks] Compute the RREF of A.

Solution: We perform the following two row operations: R2' = R2 — R1 and R3’ = R3 — RI.

1 0 2 01 1 0 2 0 1
114 0O0(|~[012 0 -1
1 0 2 10 00 0 1 -1

(b) [1 marks] Determine the rank of A.

Solution: There are three leading ones in the RREF of A, so rank(A) = 3.

(¢) [3 marks| Determine a basis of the columnspace of A.

Solution: One basis of col(4) is given by the columns of A that correspond to columns of its RREF

having a leading one. Therefore,

1 0 0
1(,]11],]0
1 0 1

is a basis of col(A).

(d) [3 marks] Determine a basis of the rowspace of A.



Solution: One basis of row(A) is given by the nonzero rows of B. Therefore,
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is a basis of row(A).

[5 marks] Let S be the set of solutions to the system A-# = 0. S is a subspace. Determine a basis of S.

Solution: We write the RREF of the system AZ = 0. Because the right-hand side is zero in the system,
it will be zero in its RREF too. The other coefficients in the RREF will simply be the coefficients in the
RREF of A:

10 2 0 110

01 2 0 —-1|0

0001 —-1]0
The general solution to this system is

xrp = —2.%‘3 —1.7;5

o = —21’3 +1£L’5 5

Ty = 1935

where x3 and x5 are free variables. As a vector equation, we can write this subspace as

xq —2 -1
To —2 1
r3 | = 1 s+ 0 |t foralls,teR.
T4 0 1
Ts5 0 1

It is easy to verify that the only solution for & = 0 is s = ¢ = 0, so the two vectors above are linearly

independent. Therefore,
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is a basis of S.



