Math 115 Spring 2015: Assignment 3

Solutions

1. Consider the following system of linear equations

21'3 + 1554 - 3.175 =
X + 31’2 — I3 —+ 41’5 = 2
2I1 + i) — r3 — T4 + 2565 = 1.

(a) [2 marks] Write the augmented matrix for this system of linear equations.
Solution:

0 0 2 1 -3| 2
13 -1 0 4 2
21 -1 -1 2 |-1

(b) [8 marks| Solve this system using elementary row operations (indicate which operations you are using)
Write down the set of all solutions to this system.

Solution:
1 3 -1 0 4|2 ] R+ R2
0 -5 1 -1 —6|-5| R2+ R3-2.R2
0 0 2 1 -3|2 | R¥«RI
0 2 —-& -H10] RI"+« Rl'+2R? +iR¥
~ I S 11| R« —IRY
0 1 & —211] R3 « iR3¥
00 -2 —%|-2] R« Rl"—-2R3
~ 10 % | & | R« R2'+ 1IR3
01 3 =211 R3" « R3"

The general solution is

10 10

T3 = f%ergt , for all s,t € R.
Xq S

$5:t

2. Consider the system of linear equations with the following augmented matrix:

3 ¢ —pl1
0 ¢ 0 |p
0 0 p |pg

(a) [3 marks| Determine the values that p and ¢ must take for this system to be consistent with exactly one
solution.

Solution: To have a solution, we need to have no row of the form [0---0[b] where b # 0. The first

row cannot be such a row (because of the leading 3). The second would need ¢ = 0 and p # 0 to be



inconsistent. The third is [0---0]0] if p = 0, so it is always consistent. Thus, the system is consistent if
q#0orp=0.

If it is consistent, then the solution is unique if it has three pivots. This happens if ¢ # 0 and p # 0.

In summary, we need p # 0 and ¢ # 0.

[3 marks] If it has exactly one solution (x1,x2,x3), then give z1, 2o and z3 in function of p and q.

Solution:
r3 =pq/p=q,
To = p/q,

w1 =1/3.(1 — ¢*2 +pws) = 1/3.(1 - ¢*p/q + pg) = 1/3

The solution is thus (¢, p/q, 1/3).

[2 marks] Determine the values that p and ¢ must take for this system to be inconsistent.

Solution: As noted in (a), only the second row can take the form [0---0|b] where b # 0. For that to
happen, we need ¢ = 0 and p # 0.

[2 marks] Determine the values that p and ¢ must take for this system to be consistent with infinitely
many solutions.

Solution: As in (a), for the system to be consistent we need either ¢ # 0 or p = 0. To have infinitely
many solutions, we need a row of the form [0---0]|0]. This occurs in the second row if ¢ = p = 0 or in

the third if p = 0. So it happens whenever p = 0 (and then, the system is indeed consistent).



